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Abstract
We give tight upper bounds on the number of degree one places of an algebraic function
ﬁeld over a ﬁnite ﬁeld in terms of the exponent of a natural subgroup of the divisor class group
of degree zero.
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1. Introduction
Let K ¼ Fq and F=K be an algebraic function ﬁeld with K being the full constant
ﬁeld. Recently, algebraic function ﬁelds with many degree one places have been
investigated in detail and a lot of applications to related areas have been established
[T-V,N-X].
Let PN be a degree one place of F and Cl
0
F denote the group of classes of degree
zero of divisors of F : Consider the subgroup CCCl0F deﬁned as
C ¼ /fP  PNjP is a degree one place of FgS;
where %D denotes the class of a divisor D of F=K : Observe that C is a ﬁnite abelian
group. Moreover C is independent of the choice of PN:
Let E be the exponent of C: Note that E divides the exponent of Cl0F :
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We denote by NF the number of degree one places of F and let fNqðgÞ ¼
maxfNF jF=K is a function field of genus pgg:
In this note we obtain upper bounds on the number of degree one places of
algebraic function ﬁelds in terms of E: Our bounds are tight for some classes of
function ﬁelds.
For the notation throughout the paper, we refer to the book [S2].
2. The main results
First we prove a simple but useful observation.
Lemma 2.1. Notation as above. Then
NFp2þ Eðq  1Þ:
Proof. Let P be a place of degree one of F distinct from PN: Then there exists xAF
such that
ðxÞ ¼ EP  EPN:
Hence ½F : KðxÞ
 ¼ E: Moreover, P and PN are totally ramiﬁed in the extension
F=KðxÞ and therefore the proof completes. &
In a certain range for E; we improve the observation as follows:
Theorem 2.2. Notation as above. Then
NFpmax 2þ ðq  1Þ E
2
 
;fNq ðE  2ÞðE  1Þ
2
  
:
Proof. It is enough to show that NFX3þ ðq  1ÞIE2m implies that
genusðFÞpðE2ÞðE1Þ
2
:
Hence we assume that NFX3þ ðq  1ÞIE2m and P is a place of degree one distinct
from PN:
Let xAF such that ðxÞ ¼ EP  EPN: &
Claim ð*Þ. Notation as above. Then
(i) F=KðxÞ is separable,
(ii) there exists yAF such that F ¼ Kðx; yÞ and ðyÞ ¼ EQ  EPN where Q is a
degree one place of F distinct from P and PN:
F. .Ozbudak / Finite Fields and Their Applications 9 (2003) 129–133130
Assuming Claim ð*Þ; we deﬁne the set
Sm :¼ fxiyj j0pi; 0pjpE  1; 0pi þ jpmg
for mX0:
Since the vPNðxÞ ¼ vPNðyÞ ¼ E and f1; y;y; yE1g is a basis for F=KðxÞ; the
elements of Sm are linearly independent over K and
SMDLðmEPNÞ:
Moreover, it is easy to observe that
#Sm ¼ðm þ 1Þ þ m þ?þ ðm þ 1 ðE  1ÞÞ
¼ 1þ Em  ðE  2ÞðE  1Þ
2
:
Using the Riemann–Roch Theorem [S2, I.5.15] for sufﬁciently large m; we have
cðmEPNÞ ¼ mE þ 1 g:
Hence
#SmpmE þ 1 g and gpðE  2ÞðE  1Þ
2
:
This ﬁnishes the proof under the assumption of Claim ð*Þ: Now we prove the claim.
The case E ¼ 1 is trivial, so we assume that EX2:
Proof of Claim ð*Þ. (i) Assume that F=KðxÞ is not separable. Then there exists x˜AF
such that
KðxÞCKðx˜ÞCF
with x˜p
s ¼ x; p ¼ char K ; sX1 and F=Kðx˜Þ is separable [S1, Lemma 4]. Then
ðx˜Þ ¼ E
ps
P  E
ps
PN:
P and PN are totally ramiﬁed in F=Kðx˜Þ and hence
NFp2þ ðq  1Þ E
ps
:
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But E
ps
pIE
2
m for sX1 and
3þ ðq  1Þ E
2
 
pNFp2þ ðq  1Þ E
ps
p2þ ðq  1Þ E
2
 
is a contradiction. Therefore F=KðxÞ is separable.
(ii) We ﬁrst show the existence of a degree one place Q of F which is unramiﬁed
in F=KðxÞ:
Assume the contrary that
eðQjQ-KðxÞÞX2 for any degree one place Q of F :
Since NFX3þ ðq  1ÞIE2m and P; PN are totally ramiﬁed in F=KðxÞ; there exists
a degree one place P0 of KðxÞ with at least 1þ IE
2
m distinct degree one places of F
over P0 by the pigeon-hole principle. Then
½F : KðxÞ
 ¼ E ¼
X
QjP0
eðQjP0Þf ðQjP0ÞX
X
QjP0
deg Q¼1
eðQjP0ÞX2 1þ E
2
  
:
But EX2ð1þ IE
2
mÞ is a contradiction.
Now let yAF such that
ðyÞ ¼ EQ  EPN
and deﬁne G ¼ Kðx; yÞ; so KðxÞCGCF : Then eðQjQ-GÞ ¼ 1 since Q is unramiﬁed
in F=KðxÞ: Moreover eðPNjPN-GÞ ¼ ½F : G
 since PN is the only pole of y: But Q
is the only zero of y and hence 1 ¼ ½F : G
 and this ﬁnishes the proof of
Claim ð*Þ: &
Remark 2.3. Theorem 2.2 is better than Lemma 2.1 for 2pEp ﬃﬃﬃqp þ 1: Moreover
using improvements of Hasse–Weil bound [S2, V.2] we get better results by Theorem
2.2 in a wider range.
Remark 2.4. Let Fq be a ﬁnite ﬁeld with q being a square integer and F ¼ Fqðx; yÞ
where yqþ1 ¼ xq þ x be an Hermitian function ﬁeld [S2, VI.3.6]. Since NF ¼ q ﬃﬃﬃqp þ 1
and Ejð ﬃﬃﬃqp þ 1Þ=the exponent of CL0F ; we get E ¼ ﬃﬃﬃqp þ 1 and they assume the
bound of Theorem 2.2.
Remark 2.5. Some elliptic function ﬁelds also assume the bound of Theorem 2.2.
Indeed for q ¼ 3 there exists an elliptic curve having function ﬁeld F over Fq with
NF ¼ 4 and with Cl0F being isomorphic to Z=2Z Z=2Z (see [R, Theorem 3]). Hence
such an elliptic curve assumes the bound of Theorem 2.2.
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3. An application for q ¼ 64
In this section we apply the results for K ¼ Fq; where q ¼ 64 as an example:
E ¼ 1 ) NF ¼ 65 or NFp1;
E ¼ 2 ) NFp65;
E ¼ 3 ) NFp81;
E ¼ 4 ) NFp128;
E ¼ 5 ) NFp161;
E ¼ 6 ) NFp225;
E ¼ 7 ) NFp302;
E ¼ 8 ) NFp401;
E ¼ 9 ) NFp513;
E ¼ 10 ) NFp605;
E ¼ 11 ) NFp695:
Note that in the trivial case E ¼ 1 with NFX2; since F ¼ KðxÞ for some xAF as in
the proof of Lemma 2.1, NF is exactly 65:
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